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Abstract 

We consider the (coupled) Davey-Stewartson (DS) system and its Backlund transfor- 
mations (BT). Relations among the DS system, the double Kadomtsev-Petviashvili (KP) 
system and the Ablowitz-Ladik hierarchy (ALH) are established. The DS system and the 
double KP system are equivalent. The ALH is the BT of the DS system in a certain 
reduction. From the BT of coupled DS system we can obtain new coupled derivative 
nonlinear Schrodinger equations. 
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1 Introduction 



The Davey-Stewartson (DS) equation is one of a few integrable equations in multi- 
dimensions which have significances, and has received considerable attention during the 
last decade. [JTJ] The DS equation has a new type of solution which is called dromion.[f2j, 
M The dromion has the remarkable property that it decays exponentially in two spatial 
dimensions. It is well known that the DS equation is the simplest nontrivial equation in 
the two-component Kadomtsev-Petviashvili (KP) equation. 0] 

Recently a new infinite set of commuting "ghost" symmetries was proposed for the 
KP-type integrable hierarchy by Aratyn, Nissimov and Paceva. [||] These symmetries allow 
for a Lax representation in which the hierarchy is realized as standard isospectral flows. 
This gives rise to a new double KP hierarchy embedding ghost and original KP type Lax 
hierarchies connected to each other by a duality mapping. 

The universality of the Ablowitz-Ladik hierarchy (ALH) was pointed out by V.E.Vekslerchik.| 
The ALH "contains" the 2D Toda lattice, DS equation and KP equation. 0,|§ (See ||.) 
In the several solutions were obtained using the fact that the solutions of the ALH 
satisfy DS equation. 

In one component case there are two derivative nonlinear Schrodinger (DNLS) equa- 



tions. One is Kaup-Newell (KN) equation and the other is Chen-Lee-Liu (CLL) equation. |10||,[|TT 
It is well known that these two equations are gauge equivalent. In the previous paper we 
discuss the coupled DNLS equations which are the coupled version of KN equation. JT2] 

In this paper we consider the (coupled) DS system and its Backhand transformations 
(BT). Relations among the DS system, the double KP system and the ALH are estab- 
lished. The DS system and the double KP system are equivalent. The ALH is the BT of 
the DS system in the case % = if. and = v\ where the asterisk is conjugation. From 
the BT of the coupled DS system we can obtain new coupled DNLS equations which are 
the coupled type of CLL equation. This suggests that in the multi-component case there 
are two types of coupled DNLS equations which are not gauge equivalent. 

The paper is organized as follows. In section 2 we obtain the Lax pair of the coupled 
DS equations. This is a new integrable system. In section 3 we construct the BT of the 
coupled DS equations. In section 4 we establish a relation between the BT of the coupled 
DS equation and the ALH. In section 5 we consider a relation between the double KP 
system and the DS system. In section 6 we get new coupled DNLS equations using the BT 
which is obtained in the section 2. The last section is devoted to the concluding remarks. 
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2 Coupled Davey-Stewartson system 



We consider the Lax representation of spatially two-dimensional systems. We denote the 
time by T and the space coordinates by X and Y, As the Lax representation let 
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The particular cases come from the degenerations of the quadratic form of D\. Let 
a = then the system reduces to 
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and we rewrite T = t. 

Let a = — 1 then the system reduces to 
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In the one component case (u^ = = 0) (| 
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where 2p = p^ and 2g = q^ . (p.ll ) and (P-12 ) are compatible and any linear combination 
of them is integrable. We call this system with higher flows the DS system. Q 

In the (1+1) dimensional case (y = x) (2.8) and Q2.10Q become the coupled nonlinear 



Schordinger (NLS) equation. |L3|] 

d tU ^ = d 2 x u^T2(u^v^W 2) v {2) )u^, -dtv® = S£v«T2(u ( % (1) WV 2 >)v« (2.13) 
where i — 1, 2. 



3 Backlund Transformations 



We shall consider a sequence u$ and v$ generated by the auto-Backlund transformation 
(BT). In the operator form BT is defined by ]TJ| 



W n L n = L n+l W n . 



(3.14) 
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An implicit the BT of ( |2.8| ) and (|2.10| ) corresponds to 
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Note that we only consider the bright case, that is, the sign is " 
From Q, ( g3g ) and we can obtain 
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Here we introduce new nonlocal dynamical variables 

4 Ablowitz-Ladik Hierarchy 

We consider the one component case of (|3.16| ) and ( |3.17|) 



— d x u n — u n +i + u n w n , 

9 x V n = Vn-t + V n W n -i, 

d y w n = d x (u n v n+1 ) = u n v n - u n+1 v n+1 , (4.1) 



Here we set 



The asterisk means conjugation: 



Un = v* n , x = y*. (4.2) 



(/*)* = /, (4-3) 



where / is an arbitrary function. From this constraint we can obtain the following equa- 
tions 
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d y u n = w n _x + u n w*_ v 
-d y v n = v n+ i + v n w* n , 
d x w* n = d y {u n+1 v n ) = u n v n - u n+l v n+1 . (4.4) 



We can obtain also fl4.4|) by an exchange of u n <-> v n in (|4.1|) . 
From the last equations of ( |4.1| ) and ( |4.4| ), we have 



w n = u n+1 v n + C, w* = u n v n+1 + C*, (4.5) 



where C and C* are constants. Hereafter for simplicity we set C = C* = 0. Qi.lD -( f3~5D 
are nothing but the Ablowitz-Ladik hierarchy (ALH). Thus, the ALH can be viewed as 
sequences of the BT of the DS system. 
In fact the second flow of the ALH are 

d t U n = PnPn+lUn+2 + VnU n +\V n -\U n + p n ul +1 V n , (4.6) 
d t V n = -PnPn-lVn-2 ~ PnVn-l u n ~ PnV n -lV n Un+l, (4.7) 

where p n = 1 + u n v n . 

One can obtain straightforwardly 

d t u n = d 2 x u n + 2A n u n , A n = p n u n+1 -u„_i. (4.8) 

On the other hand we can obtain 

d y An = p n (-V n U n+1 + Vn-xUn) = d x (u n V n ). (4.9) 



!8|) and (|4.9|) is nothing but ( 2.11|) . In the same way we can get (|2.12 ) using the other 



second flow. This proves that the ALH is the BT of the DS system with the constraints 



5 Double KP System 

We first summarize some background information on the Kadomtsev-Petviashvili (KP) 
hierarchy and ghost symmetries. We use the Sato formalism of pseudo-differential oper- 
ator calculus to describe KP type integrable hierarchies of integrable nonlinear evolution 
equations about the KP times (t) = (ti = x, t 2 , ■ ■ ■)'■ 

CO Q 

£ = D + Y,Pid-\ —C=[(jC) 1 + ,C], 1 = 1,2,-.., (5.1) 

7 = 1 *> 
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where D stands for the differential operator d/dx, and the subscripts + and — of any 
pseudo-differential operator A = J2j a,jD^ denote its purely differential part (A + = 
J2j>o a jD-') and its purely pseudo-differential part (A- = Yl,j<o a jD^) respectively. 

In the present approach eigenfunction (EF) $(£) and adjoint eigenfunction (adj EF) 
ty(t) which satisfy the following equations play crucial role, 

= = {c)k+ {n (5 - 2) 

where C* is the adjoint operator of C. Note that the above eigenfunctions <£> and do 
not need to be the Baker- Akhiezer eigenfunctions. 

A ghost symmetry is defined through an action of a vector field d a on the KP Lax 
operator 

d a C=[M a ,C], M a = E QaD'^a, (5.3) 

ae{a} 

where (& a ,^a)ae{a} are the some set of functions indexed by {«}. Commutativity of d a 
with di implies that (<3> a , ^ a )a<={a} is a set of pairs of (adj-)EFs for C 

We now proceed to give an explicit construction of the ghost KP hierarchy. Consider 
an infinite system of independent (adj-)EFs ^jff =1 of C and define the following set 
of the ghost symmetry flows 

-J-£ = [M„ C], M S = J2 Qs-j+id- 1 *,, (5.4) 

s 3=1 

where s — 1, 2, • • •. Note that the ghost symmetry flows -Jj=- do commute. 

To define the two Lax operators we introduce the Wronskian type determinant 

W k = W k [<S> ir --,$ k ] =det||9 a - 1 ^||, W k = W fc [*i, •••,**] =det\\d a - 1 * p \\, (5.5) 

where a, (5 — 1, 2, • • • , k. 

We define the initial and the ghost Lax operators, 

C = d + £ a k (D -din ^i)- 1 ■ ■ ■ (D — din ^)"\ (5.6) 
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where <9 = % and hereafter we define y = —t\. 

Let us introduce the non-standard orbit of successive Darboux-Backlund (DB) trans- 
formations for the initial KP system 

C(n + f) = Ti(n)£(n)Tf x (n), T\(n) = ^D^ 1 = <Z>^ D(tZ>^)-\ 

C(n - 1) = f^C^f-^n), fi(n) = fl^ttr/ 1 = *i n) £>(*i n) ) _1 . (5.8) 
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The DB transformations for the ghost Lax operator is 



>+l)" 
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We can construct an infinite set of (adj-)EFs (^j, *j)£Li for the ghost Lax operator 
C. We can obtain the first relations 
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Both Lax operators £ and £ define "double KP system" , 
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For k = 2 (O) gives 
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If we set t 2 = t, ( 5.12j) and ( 5.14 ) are nothing but the tally of the DS system ( 2.11|) . 



From (|5.4j ) we can obtain 
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Using ( |5.15| ), ( |5. 13| ) gives 



<9a; 3 



+ 3(-/" ^d,). 



9a; 



aa; ax aar 



This is the tally of the higher DS system. If we set x = y we can obtain the complex 
modified Korteweg-de Vries (cmKdV) equation which is the first higher order equations 
in the nonlinear Schrodinger hierarchy. 
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According to (|5.11 ) and ( |5.3|) there exists a duality mapping between the double KP 



systems of ( |5.11|) defined by C and £, respectively under the change (t) «-> (t), $ «-> $ 
and * -«->■ *. Then for example we can get the equations by the duality mapping of Q5.12 ) 
and ( CT) 

^ = ^ + 2, 1$1 , __. = -_-2 ft * 1> (5.17) 

and 

^ = |-(M.). (5.18) 
Using ( 5.1 0|) for any site n on the DB-orbit we can obtain 



<9$! 9 2 $i 9 2 *i 

^ = «r = V +2?I *" (519) 

and 

t - « 5 - 20 > 

where we rewrite p x = (ft. If we set r = — 1 2 , these equations are nothing but the tally of 
the DS system (|2.12|) . In the same way we can obtain the tally of the higher DS system. If 
we set y — ii, we can obtain the other type (the sign is "— " in (|2.11 ) and (|2.12j )) system. 
Note that these equations have dark type solutions. 

From these results we can obtain one hierarchy from the flows with respect to (t) 
and y of double KP system. On the other hand we can get the other hierarchy from the 
flows with respect to (— t) and x. These two hierarchies are compatible and any linear 
combination of them is integrable. The couple of these hierarchies are the DS system. 
Note that dependent variables of DS system is (adj-)EF of duble KP system. 

6 Coupled Derivative Nonlinear Schrodinger equa- 
tions 



If we set x = y in (|3.16| ) and (|3.17|) , we can obtain 



u x a n — "n+1 t {u n U n+1 -|- U n V n +l) u n ) 

d x vf = + + vgLivgty® (6.21) 



where i — 1,2. (|6.21|) are the BT of the coupled NLS equations ( [2.13| ). 
Let us consider the following transformation, 
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This transformation is obviously invertible. In the new variables chain equations ( |6.21 ) 
take the form 

- d x up = u^l + (ttf V« + uMvW)u%\ 

d x V® = e\ + (C^V« + UWVW)V%\ (6.23) 

where i — 1, 2. 

It follows from the above system of equations that variables u W , t> W ; can be expressed 
in terms of £/jM ? y(*) ; 

«S? = «S? = K!i = - (uuvw + f/fv;( 2 ))v;«, i = 1,2. (6.24) 

This defines a Miura transformation (MT) 

u (i) = v {i)^ v (i) = dx y(i) _ ([/WyW + £7(2)y(2))y(i) j f = 1, 2. (6.25) 

To find the transformed equations let us rewrite the system of ( [2.13|) in the new variables 
Hereafter we only consider the bright case, that is, the sign is "+" in (|2.13|) . It 
follows from ( 6.22 ) that 

-d t V® = dlV® + 2(ui%VM + uii 1 VW)VW, i = i,2. (6.26) 

The variables is already expressed in terms of U%\ ( 6.24 ). It follows from ( |6.23 ) 
that 

Ui% = -%U2> - + U®VW)U®. (6.27) 

Thus the transformed equations by the MT ( 6.25 ) of the system ( |2.13| ) is of the form 

d t U® = d 2 x U® + 2(U^d x V^ + U®d x V®)U® - 2{U^V^ + c/Wy«) 2 [/«, 
-dtf® = d 2 x V® - 2(V^d x U^ + V®dJjV>)U® - 2{U^V^ + U^V^) 2 V^ r 28) 

where i = 1,2. ( p.28 ) are coupled derivative nonlinear Schrodinger (DNLS) equations. 
There are two MT between fl2.13| ) and ( |6.28| ). To construct the other MT we expressed 
variables = = v%+i in terms of U® = Ujfi, = Vjf\ It follows from ( |6.2z 



u 



« _ rrW 

n+l 



UXU, = V® and from (|6~27D that 



u 



W = -U® - (£/ (1) V (1) + U^V^)U®, v« = V®. (6.29) 



This is the second MT linking and ( pHZap . 

From ( |6.22j ), uJi+i = U^+i and ^4.1 = Vff 1 we can conclude that the difference between 
the coupled NLS equation and the coupled DNLS equations are the complex conjugation 
between {u$} and {v^}. For the coupled NLS equations v$ and v$ are complex 
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conjugate. On the other hand for the coupled DNLS equations u$ and v„+i are complex 
conjugate. 



Here we consider the coupled version of the Chen-Lee-Liu (CLL) type equations (jTT 



If we set 



N 



iQ? = Q ( S x + ia(j:\Q (k) \ 2 )Q ( - } 



X 5 



k 

gw = Q w exp (-2i5J2 f \Q {k) \ 2 &x^ , 

then ( |6.30|) is gauge-equivalent |18j |L7| to 

i<5? = Qxx - + 2i5BQ® + i(45 + a)p 2 Q Q { $ + 5(45 - a)p 4 Q Q®, 

where 



(6.30) 



(6.31) 



(6.32) 



N 



N 



A = J2(QxQ (k> -QTQ {k) ), B = J2(Q { i ) Q {k> + Q { i ) *Q (k) : 

k k 
N 

(k) 



(6.33) 



(16.321) are the new coupled version of the generalized coupled DNLS equations. ( |6.32|) is 
different from the the generalized coupled DNLS equations which we obtain in the previous 
works. [|T5 1 , [112 1 These equations are the coupled version of the Kaup-Newell equation, flicfl 



A' 



iQW =Q^ x + \a[{Y,\Q {k) \ 2 )Q {l) }x, 

k 



(6.34) 



They do not have MT to CNLS equations. 
If we set in |T28|) 



1) x = iX, t = -iT, QW = U®, Q®* = V {i \ a = -46 = 2, 

2) x = iX, t = iT, Q* = V W , Q®* = U®, -a = 46 = 2, 



(6.35) 



then ( |6.28| ) is gauge equivalent to ( |6.32| ). 



7 Concluding Remarks 

We have considered the (coupled) Davey-Stewartson (DS) system and its Backlund trans- 
formations (BT). Relations among the DS system, the double KP system and the Ablowitz- 
Ladik hierarchy (ALH) have been established. 

The double KP system has two sets of times, the original (t) = (t\ = x, ■ • •) arid the 
ghost ones (t) = (ti = —y,i 2 , • ■ ■)• Then we can obtain one hierarchy about the flows to 
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y and (i). We can get the other one from the flows to x and (— t). The first equations in 
each hierarchy are DS equations ( [2.1 1|) and ( |2.12| ). These two hierarchies are compatible 



and any linear combination of them is integrable. The couple of these hierarchies are the 
DS system. Note that dependent variables of DS system is (adj-)EF of double KP system. 

The ALH has been found to be the BT of the DS system in the case t^ = i* k and 
u n = v *. u and v are dependent variables of DS system. The asterisk is conjugation. The 
flows of ALH are also those of double KP and DS systems. For this constraints the first 
equations which contain no discrete variables n are the complex sine-Goldon equations 
instead of the DS equations. |1| 

From the BT of the coupled DS equations we can obtain the new coupled derivative 
nonlinear Schrodinger (DLNS) equations. We can obtain the Miura transformations (MT) 
between the coupled NLS and the coupled DNLS equations. It is the new type of the 
coupled DNLS equations. The other coupled DNLS equations do not have the MT to 
the CNLS equations. We will report on the relations between these two coupled DNLS 
equations and investigations about these equations in next paper. 
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